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Abstract

Routh stability test is covered in almost all undergraduate control text. It deter-
mines the stability or, a little beyond, the number of unstable roots of a polynomial
in terms of the signs of certain entries of the Routh table constructed from the coeffi-
cients of the polynomial. The use of the Routh table, as far as the common textbooks
show, is only limited to this function. In this paper, we will show that the Routh table
can actually be used to construct an orthonormal basis in the space of strictly proper
rational functions with a common stable denominator. This orthonormal basis can
then be used for many other purposes, including the computation of the Hs2 norm,
the Hankel singular values and singular vectors, model reduction, Ho, optimization,
etc.

1 Introduction

Recently we have been witnessing a great amount of attention paid to the innovation
of undergraduate level control education. Several new textbooks have been published
([5, 17, 13, 8, 4]). The main effort seems to be in incorporating modern and post-modern
control theory into the syllabus of a beginners’ control course which has been dominated
by classical materials for several decades. This effort is not easy and is potentially contro-
versial because of the myth that the modern and post-modern control theory necessitates
the use of advanced mathematical knowledge which a typical engineering undergraduate
student does not have.

The need to incorporate post-modern control theory into the beginners’ course mo-
tivates the investigation of the connection between advanced optimal and robust control
problems and the classical tools. This paper contains some results from this investiga-
tion. We will show that the Routh table can be used to construct an orthonormal basis in
the space of strictly proper rational functions with a common stable denominator. This
orthonormal basis can then be used to compute the Hs norm of a transfer function, re-
covering an algorithm given in [2]. It can also be used to find the Hankel singular values
and vectors, hence yielding the solutions to the Hankel approximation and the Nehari
problems. This opens the door for a complete and systematic linear optimal and robust
control theory using elementary tools not much beyond the well-known Routh stability
criterion.

*This research is supported by the Hong Kong Research Grants Council.



2 Routh Stability Test and Orthonormal Functions
Consider polynomial
a(s) = aps" +a1s" '+ +a,, ap>0.

Construct the Routh table

s oo =Gp ToL = a2 To2 = a4 T3 = dg
sVl ro=a ri=a3 Ta2=as riz=ar
s"72 | oo T21 T22 723

s"73 | 1y 31 T32 33

s T(n—2)0 T(n—2)1

st T(n—1)0

s | Tno

Each row starting from the third one is computed from its two preceding rows as

r = L [r20 Tan| Z TED0TE-2 G4 T TE-20T )G+
! T(i—1)0 |TGE-1)0  T(i—-1)(G+1) T(i—1)0

n—t

Here 4 goes from 2 to n and j goes from 0 to [“5*|. When computing the last element of
certain row of the Routh table, one may find that the preceding row is one element short
of what we need. For example, when we compute 7,9, we need r(,,_1); but r(,,_1); is not
an element of the Routh table. In this case, we can simply augment the preceding row by
a 0 in the end and keep the computation going. Keep in mind that this augmented 0 is
not considered as part of the Routh table. Equivalently, whenever r;_1)(;;1) is missing,
simply let r;; = r(;_2)(j+1)- For example, r,o can be computed as

T(n—2)0 T(n-2)1

1
Tno = —
no T(n—1)0 0

= T(n—2)1-
T(n—1)0 (n=2)1

Theorem 1 (Routh Stability Criterion) The following statements are equivalent:
1. p(s) is stable.

2. All elements of the Routh table are positive, i.e., r;; > 0, ¢ = 0,1,...,n, j =
O,l,...,L%‘iJ.

3. All elements in the first column of the Routh table are positive, i.e., rig > 0, i =
0,1,...,n.

In general, the Routh table cannot be completely constructed when an element in the
first column is zero. In this case, as far as the stability of the polynomial is concerned,
there is no need to complete the rest of the table since we already know from the Routh
criterion that the polynomial is unstable.

The proof given by Routh is quite involved and is usually omitted in feedback control
textbooks. There have been continuous efforts in finding simpler proofs. It appears that
the proof given in [2, Section 5.3] uses the most elementary arguments and is the most
easily understandable. Interestingly, this proof was rediscovered at least a couple of times
by [15] and [6].



Let us now fix a stable polynomial
a(s) = aps" +ays" '+ +ap_1s+a,, ag>0.

Consider the set of rational functions

a(s)

This set is clearly a subspace of Hy. We will see that an orthonormal basis of this subspace
is very useful in various purposes.

Let us construct the Routh table of a(s). Since a(s) is stable, the Routh table can
always be constructed to the end and all r;p,2 = 0,1,...,n, are positive. For each row
(except the first one) of the Routh table, define a polynomial

Sas) = {b(s):b(s) =bs" b by 1S+ by, bR = 1,...,n}.

7'1(8) = 7’108”71 —+ 1"118”73 + ..
ro(s) = 908" 2 oy s T 4
r-1(8) = T(m-1)08
rn(8) = Tno
Also define .
=0 =12
T30

form an orthonormal basis of Sq(s)-

Proof: There are a number of ways to prove this theorem. The proof presented here
reveals some interesting connections to the state space system theory. It is known [9] that

if { é g ] is a balanced realization of an inner transfer function. Then the elements of
C(sI — A)~! are orthonormal. In the following we will prove that the realization
e [ro o |
700 700 700
T20 .
_. = 0 - 0
To0
Al B ] :
+ = . . (@)
|: C D .. 0 TTLO 0
T(n—2)0
Tno 0 0
T(n—2)0
2
20 0 )
L T00 i




where the A matrix is named the Routh canonical form in [3], is a balanced realization of

the inner transfer function

and exactly

C(sI — A)~' = [By(s)
We first prove equality (2). Denote

C(sI — A)~! = {01(8)

Then the identity C(sI — A)~1(sI — A) = C implies

710 20 2r10
+—|ci(s) +4/—ca(s) = s
(s+ 22 ) eats) + / 2eate 110,
T T
(1+1)0 ci(s) + scip1(s) + (i+2)0 ia(s) = 0, 1=1,2,
T(i—-1)0 T30
— "'n0 cn-1(8) +scp(s) = 0
T(n—2)0
This shows that ¢;(s) satisfies backward difference equation
T(i—1)0T(i+2)0 T(i—1)0
ci(s) = (=107 (42)0 2(s) + (i=1) cisn(s)
70T (+1)0 T'(i41)0
with terminal conditions
T(n—1)0"n T(n—2)0" (r—
en(s) = (n—1)0"n0 en1(s) = (n=2)0"(n-1)0
700710 700710

On the other hand, the construction of Routh table implies

T .
ri(s) = ripa(s) + 0 srip1(s), 1=0,1,...,n—2,
T(i+1)0
with terminal conditions
Tn(8) =rn,  Tno1(s) =Tn_1s.

Here 79(s) is a polynomial defined from the first row of the Routh table
r0(8) = aps™ + ags" 2 +ags" 41,

and we have ro(s) + r1(s) = a(s). If we define

2r¢—
buls) = | T (),

,n — 2, satisfy difference equation

i=1,2,...,n,

then the polynomials b;(s),i =1,2,...

T(i—1)0T(i4+2)0 T(i—1)0

bi(s) = bi+2(s) + sbi+1(s).

74507 (i4-1)0 T(i+1)0



with terminal condition

bn(s) = \/2r(m—1)0Tn0,  bn-1(5) = \/27(n—2)0"(n—1)05-

We see that the polynomials b;(s) and ¢;(s) satisfy the same linear difference equation
with terminal conditions differ only by a scalar. It then follows that b;(s) and ¢;(s) differ
by the same scalar for all i, i.e.,

bl(S)

ci(s) = i=1,2,...,n. (7)

From (3), (6) and (7), we see that

c(s) = m(s—l—m)cl(s)—i- 20 o (s)

2r10 700 2r1o0

1 10 20 1
— — b ([ —b
2710 (8 + roo) i)+ 700 2710 2(9)

_ 72:)0”0 {SZ’ETI(S)JFH(SH?«Q(S)]

1
= \/ﬁ[ro(s) +71(8)]
a(s)
V2reorio

Therefore

N e B | B 1O B A O
O ey CM [a<s> QM [Bals) -+ Buls)]

Next, we prove the realization has transfer function U(s). This follows immediately from

2r19 b
Dt C(sT— Ay 1B =1 |2kl onils)
roo a(s) a(s)
Finally, it is obvious that the realization (1) is balanced since its controllability and ob-
servability gramians are both equal to the identity matrix. O

3 Computation of the RMS value

Given a strictly proper stable signal or system

b bis" 4. 4 b,
G(s) = () _ 15 *_1 T g0
a(s)  aps"+ars" T+ +ay

Clearly G(s) € Sy(5)-
If we expand b(s) as
b(s) = B171(s) + Para(s) + -+ + Burn(s), (8)

then
B2

vV 20[2

Br
V2o,

BQ(S)+~~+

B, (s).



Consequently

2 % % ;
G _Ph By B
H (5)”2 9 1 2 5 2 n

It seems that finding all §; requires solving a set of linear equations obtained by com-
paring the coefficients in (8). Actually, these equations have special structure which leads
to a tabular solution. Construct the augmented Routh table:

s" Too =aop To1=0a2 ‘- | qoo =01 Qo1 =03
s"Vlrg=a rai=az - | ro T11 o quo=by qu1 =0y
s"72 | roo 721 “o | G20 g21 <o+ | T20 T21
s 3 730 31 730 31 430 431
S T(n—-1)0
0 Tno

The augmented Routh table is formed by adding two blocks to the right of the usual
Routh table. The first added block (the middle block of the augmented Routh table) is
constructed in the following way: the first row is directly from the coefficients b1, b3, b5, . . .,
of b(s); the second, forth, sixth, ..., rows are copied from the corresponding rows of the
Routh table; the third, fifth, seventh, ..., rows are obtained from their preceding two rows
in exactly the same way as the rows of the Routh table:

L Jaa-20 da-2G+1| )

g = —
! Ti—1)0 |[T(i=1)0  T(-1)(+1)

The second added block (the right block of the augmented Routh table) is constructed in
the following way: the first row is irrelevant, the second row is directly from the coefficients
ba,ba, bg, . .., of b(s), the third, fifth, seventh, ..., rows are copied from the corresponding
rows of the Routh table, the forth, sixth, eighth, ..., rows are obtained from their preceding
two rows in exactly the same way as the rows of the Routh table using formula (9).

In summary, the following algorithm gives the 2-norm of a stable strictly proper transfer
function.

Algorithm 1
Step 1 Compute the augmented Routh table of G(s).

Step 2 Set a; = 7(7%01’0 and 5; = 4610,

740

2 2

Step 3 ||G(s)]2 = \/2%1 + 2% +o 4 in.

The effort to find a simple method to compute the RMS value of a transfer function
started in the late 40’s by a group in MIT. The initial effort ended up with formulas for
transfer functions up to 7th order, reported in [11]. Another team effort was carried out
in the 50’s by another group in MIT. This effort, documented in [16], led to an algorithm
based on matrix equation for arbitrarily high order transfer functions and corrections to
two formulas in [11]. Algorithm 1 in this section is not new and first appeared in [2,
Section 5.3]. What is new here is the observation that this algorithm directly follows from
the availability of an orthonormal basis of Sy (y).



Example 1
Consider
b(s) s3+2s2+55+6
sy = ) s H 2+ |
a(s)  s*+s3+3s24+2s+1

s
The augmented Routh table of G(s) is

84 a():l a2:3 a4:1 b1:1 b3:5
33 a1=1 az = 1 2 b2=2 b4:6
21 1 3 1 1
st|1 1 4
911 1
Therefore
Ol1:Oé2=Oé3:Oé4=1
and
Bi=1, [Ba=2, B3=3, B4=4
Hence

12 22 32 42
G)|P==—+"+4+"+ = =15
IGGz=5+5+5 +5

4 Hankel Singular Values and Vectors

Given a proper stable transfer function:

take a function % in Sy(5). Then

is a strictly proper rational function with poles at the roots of a(s) and their mirror images
with respect to the imaginary axis. This rational function can be uniquely decomposed

into

bls)r(=s) _ yls)  2(s)

a(s)a(=s)  a(s)  a(—s)
where both terms on the right hand side are strictly proper. Throw away the unstable
a?(_si). Then we are left with the stable term Zgzg which belongs to S,(5). This

process defines a map from S, () to Sq(s):

term

(s)
a(s)’

This map consists of three actions. The first is reversion; this action simply replaces the
28 by —s, resulting in zg:ji The second is multiplication; this action
multiplies the result of the first action by G(s). The third action is projection; it keeps
the stable part of the result of the second action and throw away the unstable part. Since

~—
<

—

x(s
a(s

~—

variable s in




all these actions are linear operations. The map is clearly a linear operator on S, (). We
call it the Hankel operator with symbol G(s), denoted by Hy)-

Readers who are familiar with the usual definition of the Hankel operator as a map
between infinite dimensional spaces Hs to Hs may wonder how to reconcile the two
definitions. Actually, the finite dimensional Hankel operator defined above is essentially
the nontrivial part of the usual infinite dimensional Hankel operator after being compressed
to an operator from the orthogonal complement of its kernel to its range.

A proper G(s) = Z%Zg can in general be decomposed as the sum of a constant term and

a strictly proper term

G(s):dJr@

o(s)  y(s)
Heo ols) = als)
then (=s) _ y(s) . 2(s) — da(—s)
Tr(—sS o y S zZ\S) —ax|—S
) Tals) T

“Oals)  als)  aFals)

This shows that the Hankel operator does not depend on d, the constant term in G(s). In
other words, the Hankel operator with symbol G(s) is the same as the Hankel operator

2 _yls) _,  als)

with symbol %, which is the strictly proper part of G(s). Hence in the computation
related to a Hankel operator, one can disregard the constant part of the symbol.

The Hankel operator can be represented by a matrix if a basis in S,(,) is chosen.
Naturally we can use the orthonormal basis

{B1(s), Ba2(8),...,Bn(s)}

defined from the Routh table of a(s) as in Theorem 2. The matrix representation un-
der this basis is called the Routh-Hankel matrix and is denoted by Rg(s). The singu-
lar values of Rg(s) are called the Hankel singular values of G(s) and are denoted by
01(G(8)),02(G(s)),...,0,(G(s)). Here we assume that the singular values are ordered in
a non-increasing way, i.e., we assume that o1(G(s)) > 02(G(s)) > -+ > 0,(G(s)). In
particular, the largest Hankel singular value o1(G(s)) is called the Hankel norm of G(s)
and is denoted by ||G(s)||z. Let (u;,v;) be a pair of left and right singular vectors of R¢s)

corresponding to singular value o;(G(s)) and let
U(s) = [Bl(s) Bso(s) - Bn(s)] U,

and
Vi(s) = [Bi(s) Ba(s) --- Bu(s)]v;.

Then (U;(s), Vi(s)) is called a Schmidt pair of Hg(,) corresponding to o;(G(s)).



It seems that the Hankel singular values and the corresponding Schmidt pairs defined
here depend on the choice of a basis in S,(,). Actually this is not the case. As long the
basis is an orthonormal one, we will end up with the same singular values and Schmidt

pairs.

If we are interested in computing the Hankel singular values and Schmidt pairs of

b(s)
a(s

He(s), then the key is to find Rg(,) from G(s) =
action.

Theorem 3 Construct the Routh table of a(s). Let

_mo [T
To0 700
_ o
700
A=
T'no
0 T'(n—2)0
_ Tno 0
L T(n—2)0 i

Also let r1(s) be the polynomial defined from the second row of the Routh table:

1 —3
ri(s) =ri8" F s e,

and let c¢(s) be the denominator of the strictly proper part of G(s):

Then

Ray = a(—A)"'b(A)

1

Proof It is well-known that a rational function ZE:? can be written as

3 Again, we call the Routh table into

Here ¢(s) is called the quotient and r(s) is called the remainder of v(s) divided by wu(s).

Define a linear map T on rational functions by



In other words, the action of T is to keep the strictly proper part of the rational function
and throw away the polynomial part. It is easy to see that T is a projection. Define linear
transformation Dy () @ Su(s) — Sa(s) by

Da(s)a(s) _ Tsoz(s).
a(s) a(s)
Clearly, 4
Di(s)a(S) _ Tsla(s)
a(s) a(s)
and
(L(Da(s)) = 0
The linear transformation Dg,) will be called a differential operator. What is its matrix
representation under the orthonormal basis {B;(s) : i = 1,2,...,n} of Sy(4)? Recall the
definition of 7;(s),i =1,2,...,n, in Section 2 and also augment the list by

r0(8) = 108" + ro18" 2

formed by the first row of the Routh table. The construction of the Routh table means

T30

sri(s) = — [rici(s) —rip1(s)], i=1,2,...,n—1.
Therefore,
D B (S) - T /27’00 STI(S) _ /27’00 57’1(5) B Tﬂ
a(e)1 710 G(S) 710 G(S) Too

_ [2roorio [ro(s) —ra(s)] = [ro(s) +ri(s)] _  [2riori(s) +r2(s)
B 710 700 a(s) B 700 a(s)

Fori=2,...,n—1,

|
|
‘ﬂ
=
(=)
oy
it
—~
~
|
‘ﬁ
()
o
W
[ )
—~
Va)
~

>
8
E
=

I

S

2T(i—1)0 sTi(S)
Ti0 (S)

_ 2r(;—1)0 ri—1(8) — rig1(s)

Ti0 i—1)0 a(s)

= " Bi—l S)— mBi+1(S).
\/ T'(i—2)0 T(i—1)0
Finally
Doy Bu(s) =T 2r(n-1)0 5Tn(5) _ [27(n-1)0 TnoS _ T B (s)
ale)Zn Tno a(s) Tho  a(s) T(n—2)0 nRes

In the matrix form,

a
Ti0

’I“(Z,
(

Da(s) [Bl (8) s Bn(s)] = [Bl(s) s Bn(s)] A.

10



This shows that the matrix representation of Dy, is exactly A.
Now let us look at the basic equation in defining the Hankel operator

This can be rewritten as

b(s) xé(sj) (—3)28 + a(s)zgg.
Applying the projection 7' to both sides and using the fact that a(Dg(s)) = 0, we obtain
b(Da(s))xé(_sj) = a(—Da(s))ZEg.
Under the basis used, we have
(-1
b(A) | m e ARe,
1
Hence
(1
Ra(s) = a(—A)~'b(A) 1
1
Finally, it follows from b(s) = da(s) + ¢(s) that b(A) = ¢(A) and it follows from a(—s) =
ro(—s) + r1(—s) = Fa(s) + 2r1(—s) that a(—A) = 2r1(—A). O

Formula (11) is a bit simpler than formula (10) since r1(s) and ¢(s) has lower degree
and fewer terms than a(s) and b(s) respectively.

Example 2
For
2v/2s + 4
G(S) = 42 )
s24+v2s+1
the Routh table gives
_[-v2 1
a7y

and

Both (10) and (11) give

[\)

roo=| 1y 2]

The singular values of Rg(,) are

1(G(s) = V2+1, 03(G(s) = V21,

11



and the corresponding singular vectors are

wowl=3| Y5 UE | vl

Hence the corresponding Schmidt pairs are

(5022 22] 7 502z £2)[7)
B ( Vs +1) {‘/§(s+1)>
o\ 2+ V2s 4172425 +1 )

v = (5022 LR F] g e L] V)

_ <w(3+1) V2(s —1) )

(U1(s), V1 (s))

$24+v2s+1 s24++/2s+1

It is seen that in this example that Rg(s) is a symmetric matrix and the left singular
vectors are either the same or the negative of the right singular vectors. This is by no means
an accident. It can be shown that Rg(,) is always a symmetric matrix. This implies that
its singular values are the absolute values of its eigenvalues and its left and right singular
vectors are essentially the eigenvectors. This fact may offer some simplification in the
computation.

5 Hankel Approximation and the Nehari Problem

The problem of Hankel approximation is to find a lower order system to approximate a
high order system so that the Hankel norm of the error is minimized. Precisely, if we are
given a stable strictly proper transfer function

b(s)  bos™ + bis" L4+ 40,
a(s)  aps" +a;s" 14 +a,’

G(S) = ag > 0,
we wish to find )
min  [[G(s) — G(s)|u
orderG(s)<r
and a minimizing G(s). Here we assume that 7 < n.

Before going into the solution of the Hankel approximation problem, we first notice
that since the Hankel norm is independent of the constant term, if G(s) is a minimizing
solution then G(s) + ¢ is also a minimizing solution for any ¢ € R. This freedom on the
constant term can be used for other considerations.

We need to introduce a machinery. Let F(s) = ;8 be an arbitrary rational function.

It is well known that F(s) can be decomposed in a unique way as the sum of two rational

functions

os) _ als) | Bls)

f(s)  fs(s)  fuls)
where fq(s) is strictly proper stable and f,(s) is antitable. The action of the projection
operator P is simply to take the stable strictly proper part, i.e., P defined as

pls) _ als)

fGs)  fs(s)

12



Theorem 4 Let (Uy41(s), Viyi1(s)) be the Schmidt pair of G(s) corresponding to (r+1)-st
Hankel singular value o,41(G(s)). Then

min _ [|G(s) = G(s)llur = 0741(G(5)).
orderG(s)<r

and all minimizing G(s) are given by

A UT+1(S)
G(s) =G(s) = P lo,41(G(8)———~=| +¢
(5) = Gls) = P o1 (Gl 10
for c e R.
Example 3 _
We wish to find the 1st order Hankel approximation G(s) of
2v/2s+4
G(s) = _2V2s+4
s24+42s+1

Following Example 2,
min [G(s) — G(s)lln = 02(G(s) = V3 — 1

orderG(s)<1

and all best approximations are given by

S 2V2s+4 A V2(=s+1)(s* = V25 + 1) 2422
G(s)_52+\/§s+l P2 1)W(—s—1)(32+\@s+1) s s+1 e
for c € R.

The Nehari problem is as follows: Given stable strictly proper system G(s) = 22‘3,
find

Qé?é%w [G(=s) — Q(5)|oo

and a minimizing Q(s) € Heo-

Theorem 5

oin, 1G(=s) = Q()lleo = [G(s)]l

and if (Uy(s),Vi(s)) is a Schmidt pair of the Hg(s) corresponding to the largest Hankel
singular value 01(G(s)), then the unique optimal Q(s) is given by

Ui(=s)

V1 (S) ’

Q(s) = G(=5) — 01(G(s))

Example 4

For
_@_ 2v2s + 4
o= T vt

we wish to find Q(s) € He to minimize

1G(=5) = Q(5)lloo-

13



It follows from Theorem 5 and Example 2 that
min - [|G(=s) = Q(s)]oc =1+ V2

Q(s)€Hoo
and the optimal Q(s) is given by

Qs) = —2v/25 4+ 4 (1_1_\/5)(1@(—54-1)(52—1-\/554-1)_(1+\@)s+3\/§—1'

S22 41 V2As+1)(s2 =25 +1) s+ 1

The theorems in this section are well-known and were commonly credited to [1], see
also the excellent exposition [18]. The novelty here is that the required Schmidt pairs can
be computed by means of the Routh table. Routh table was used for model reduction
before [10] but the method there has nothing to do with the Hankel approximation.

6 Concluding Remarks

The popular method of computing the Hs norm, the Hankel singular values and the
Schmidt pairs of the Hankel operator is through the state space model and Lyapunov
equations, see [19]. The alternative method given in this paper, growing out of the classical
Routh table, has apparent advantages, at least for SISO systems. It is conceptually
simpler, numerically less complex, and mathematically less sophisticated. It well serves
the original motivation for its development: the accessibility for undergraduate students
and practicing engineers with minimal mathematical background. The method can also
be extended to MIMO systems in an obvious way. Even in the MIMO case, this state
space free method has its distinct merit compared to the state space method.
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