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General Multirate Building Structures with
Application to Nonuniform Filter Banks

Tongwen Chengsenior Member, IEEELI Qiu, Member, IEEE,and Er-Wei Bai

Abstract—This paper proposes a general linear dual-rate struc- u y
ture for multirate signal processing, which encompasses the usual Tm F ln
multirate building blocks—expanders, LTI filters, decimators,
and their cascade combinations—as special cases. Structural
properties of such dual-rate systems are studied in detail; in
particular, several equivalent implementation structures are pro-
posed: 1) cascade connections of a block expander, a linear U Yy
periodically time-varying system, and a block decimator; 2) — G (myn) ——
vector sample-rate changers; and 3) cascade connections of an
expander, certain linear switching time-varying system, and a Fig > A general dual-rate system.
decimator. Using such general building blocks in multirate signal
processing allows more design freedom and therefore can achieve

what is otherwise impossible. This is illustrated in nonuniform g property is defined a&m, n)-shift invariance, which is a

multirate filter banks. Using the general building blocks as - ooparalization of time invariance for single-rate systems—if
synthesis systems, the incompatibility for alias cancellation and

structural dependency constraint for design, both due to frac- ™ = 7 = 1, a linear,(m, n)-shift-invariant system reduces
tional decimation ratios in different channels, are eliminated. to an LTI system.

Fig. 1. Sample-rate changer.

Hence optimal design of synthesis systems is possible. Consider two classes of dual-rate systems: The class asso-
Index Terms—Digital signal processing, fractional decimation, Ciatéd with the structure in Fig. 1, namely, the systems which
multirate filtering, nonuniform filter banks, optimization. are characterized bym, LTI filter ', and| =, and the class of

linear, causal, dual-rate systems shown in Fig. 2, in which the

notation ‘G: (m, n)” means that? is (m, n)-shift-invariant.

Is the latter more general than the former? Or, is it always
RADITIONAL multirate building blocks in digital sig- possible to realize a causal, dual-rate linear system in Fig. 2
nal processing [9], [34] are decimators (downsamplers)y the structure in Fig. 1 with the expandern, some LTI

expanders (upsamplers), and LTI filters, with possibly sonje, and the decimatot »? The answer is positive if the two

summing junctions. An example is the fractional sample-raigtegersm and » are coprime andegativeotherwise [30],

changer shown in Fig. 1, wherg m is the expander by a in this case,n and» have some nontrivial common factor.

factorm, | n the decimator by:, and F' a suitable LTI filter. As an simple example, ifx = n = 2, a linear,(m, n)-shift-

The output sample rate i&/n times the input sample rate. invariant system becomes a linear periodically time-varying
Such rate changers are not only useful in their own rigliitPTV) system with period 2; but it can be shown that the
[31], e.g., sample-rate conversion for bandlimited signalsiructure in Fig. 1 in this case always represents an LTI system.
they are also fundamental building blocks for multirate filter The class of dual-rate systems in Fig. 2 is more general
banks with uniform [9], [34] or nonuniform [27], [18] bands.than the structure in Fig. 1, and is especially interesting when
Multirate signal processing has been studied a great deal (§¢€and » have common factors. In this paper, we study
[19], [1], [22], [34], [10], [36], [33] and their references).  such(m, n)-shift-invariant systems in detail and use them as
The rate changer in Fig. 1 is in fact a dual-rate systefle fundamental building blocks for multirate systems. One

with the input—output property that shifting the inpu) @y = main contribution of this paper is to show that sueh, n)-

samples results in shifting the outpyf) by mm samples. Such shift-invariant systems are realizable by using either block
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u 20 establishing the connection to block sampling used in [17].
Ho — 12 12— Fo Section IV gives a connection between dual-rate systems
and vector decimators and expanders, and multivariable LTI
v systems, which were studied in vector filter banks in [38] and
Hy — |3 13 1 R

[39]. In Section V, we introduce a special class of LPTV
systems called linear switching time-varying (LSTV) systems
o 16 () 6 - m, Y and prove the fact that any linear dual-rate system can be

realized by cascading a traditional expander, an LSTV system,
and a traditional decimator. Section VI applies the general
structures to nonuniform filter banks, and shows that several
limitations encountered when using traditional building blocks
U He - vo ) can be eliminated; an optimal design example is also given.

0:(3,6) Fy: (6,3) . . . .
Finally, in Section VII we offer some concluding remarks.

Fig. 3. A nonuniform filter bank.

v1
Hy :(2,6) F1:(6,2) Il. GENERAL DUAL-RATE SYSTEMS
Dual-rate systems are to be used as fundamental building
Hy: (1,6) v Fy: (6,1) y blocks for multirate systems. In this section we study basic
concepts of linear dual-rate systems such as shift invariance,
causality, and their various representations.

Let Z be the space of discrete-time signals defined on the

set of all integers. A signatl in ¢ is written
using traditional building blocks); Xia and Suter [38], [39]

later systematically studied block sampling in a more general {, 2(=2), z(-1)]z(0), =(1), =(2), ---}

setting using vector filter banks; Shenoy [30] showed that by

using general structures one can achieve what is otherwibe vertical bar separating the time from= 0. A linear

impossible in the design of fractional rate changers, asistemé is regarded as a linear transformation mappirtg

also pointed out that the structural dependency in designifigelf, writteny = Gu. It is a dual-rate system if the output

nonuniform filter banks [18], [4], [5] disappears when gener&ind input have different sample rates—in this paper we shall

structures are used for analysis and synthesis. make the assumption that the ratio of the two rates is a rational
As an application of the general dual-rate systems, considgtmber, saym/n; i.e., the output sample rate is/n times

the three-channel nonuniform filter bank shown in Fig. 3he input sample rate.

where the analysis and synthesis filtdds and £; are all A linear, dual-rate syster¥ can always be represented by

LTI and causal. Hoang and Vaidyanathan [14] showed trtkernel functiong(k;, 1)

the decimation integerg2, 3, 6}, form an incompatible set;

i.e., it is impossible to achieve alias cancellation by designing y=Gueyk) = Z gk, Du(l), Vik. (1)

the six filters, let alone perfect reconstruction. Also, a design !

difficulty called structural dependency arises in this setup [18], . .

[4], [5]; this can be seen later after blocking the system to gét Shift Invariance

the 6 x 6 equivalent transfer matrix. To define shift invariance precisely, 1€t be the unit time
However, if appropriate dual-rate Systems are used f@?lay on{ with transfer functionz_l. For a |ineal’, dual-rate

analysis and synthesis as shown in Fig. 4, the difficulti€ystemG with output and input sample-rate ratin/n, we

encountered using the structure in Fig. 3 no longer exist. THI§fine G to be (m, n)-shift-invariantif

is because four of the six dual-rate filters used in Fig. 4— " m

Hy, H, Fy, and F1, have common factors in theinn and GU" =U"G.

n and henc_e are more general;_they aII(_)W extra freedom iPhe two integersn andn need not be coprime.) This means
system design. In this case, optimal design based on moq(ﬁ‘Lj—‘t shifting the input byn samples results in shifting the

matching theory, which was advocated in [31] for muItirattsu,[put bym samples. In terms of the kernel functionsy, n)-

filter desigq and ir! [6] for uniform filter-bank.desigp, Cahift invariance is characterized by the following relation:
be accomplished with relative ease (detailed discussion to be

given later). glk4+m, L+n)=g(k 1), Vk, I

Briefly, the paper is organized as follows. Section Il defines
precisely what we mean by dual-rate systems, and studig. 2 represents argm, n)-shift-invariant G using block
their fundamental properties such as shift invariance adihgrams.
causality; the blocking technique is used to convert the dual-This shift invariance guarantees that appropriate blocking of
rate systems into equivalent LTI systems. Section Il showise input and output gives rise to a multivariable (vector) LTI
that any linear dual-rate system can be realized by cascadsygtem [21], [24], [3], [25], [35]. (A similar blocking structure
a block expander, an LPTV system, and a block decimateovas also used earlier in convolutional codes [11].)

Fig. 4. A nonuniform filter bank with general structures.



950 IEEE TRANSACTIONS ON CIRCUITS AND SYSTEMS—II: ANALOG AND DIGITAL SIGNAL PROCESSING, VOL. 45, NO. 8, AUGUST 1998

For an integerp > 0, define thep-fold blocking operator, must have a block lower-triangular structure due to causality.

Ly, via gz = Lyz (underlining denotes blocking): This is called causality constraint [20], [7] and can be derived
from (4) and (3):
- 12(0), =(1), -~} o
x(0) z(p) D;; =0 whenever in < jm. (6)

x('l) a?(p'—i-l) Lo S ) As an example, consider the rate changer in Fig. 1 with

: : m = 2,n = 3, andF being LTI and causal. It follows that the
x(p—1) x(2p—1) overall (dual-rate) system is (2, 3)-shift-invariant and causal.

_ . Introduce the 6-fold, type-1 polyphase decomposition [34] of
L, maps/ to /7, the external direct sum qf copies of?. If A( )

the underlying period fox is i, the underlying period for the
blocked signalz is ph. The inverseL;l, mapping£? to /4, . 5 it
amounts to reversing the operation in (2). F(z) = Z 27 F(27)
Let G be linear, dual-rate, and SISO (single-input, single- =0
output). Block the input and output appropriately to get thge polyphase componenté}(z) being causal. Then the

blocked systemG := L,GL;*, which ha_Sn inputs and blocked dual-rate system has the transfer matrix [15], [4],
m outputs. It is a well-known fact that7 is LTI iff G is 5]

(m, n)-shift-invariant [21], [25], [35]. Hence, i is (m, n)-

shift-invariant, G has anm x n transfer matrix: 1?0(2) Z_fﬁzx(z) 2_11?2(75) @)
R R R L3(2) Li(z) 27 ES(2) |
Goo(#) Gou(z) o Gon-1(?)

R Gro(2) Gu(2) e Grnea(2) Note that this matrix contains all six polyphase components
G(z) = . . ) due to the coprimeness of andn (to be seen later); note also
o R R : that the (0, 1), (0, 2), and (1, 2) entries are all strictly causal,
Gm-1,0(2) Gm-1,1(2) - Gm-1,n-1(2) which shows causality of the dual-rate system.

From now on, we shall restrict our attention to linear, dual-
rate systems which are shift-invariant, causal, and, moreover,

whose blocked transfer matrices have real-rational functions of

The entries in this matrix relate to the kernel functig(t, {)
of G as follows:

Gij(2) = Z g(i+ km, )z (3) ~ as their entries. All such transfer matrices have state-space
! 5 models
B. Causality z(k+1) = Az (k) + Bu(k) (8
y(k) = Ca(k) + Du(k) ©)

Causality of a dual-rate syste@ reflects implementability
of the system in real time. Le¥ have inputu and outputy. wherexz is the state vector, and, B, C, D are all real matri-
Because the ratio of the sample ratesyaindw is m/n, we ces of compatible dimensions with square. The matrices
can take the sample periods ofandy to be mh andnh, B, C, D are partitioned according to the input and output
respectively, wheré: is some real number. Assuming bothldimensions ofG:
u and y are synchronized at time= 0, we have thatu(k)

occurs at timet = k(mh) andy(k) att = k(nh). Thus,G is go
causalif for any k, the outputy(k) depends only on inputs B=[By B, -+ B._i], C = *
occurred at < k(nh), or onu(l) for all I satisfyinglm < kn. :
Similarly, G is strictly causalif (k) depends only om(!) for Crno1

all { such thatim < kn.

dD is th the right-hand matrix in (5) satisfyi
In terms of the kernel function in (1¥7 is causal iff an 'S the same as the right-hand matrix in (5) satisfying

the causality constraint in (6).
(4) The state-space model in (8), (9) is for the blocked system.

g(k, 1) =0 whenever kn < Im _ _ : L
The corresponding difference equations for the original dual-

and is strictly causal iff rate system are as follows:
n—1
= < Im. ,
g(k,1)=0 whenever kn <lm 2k 4 1) = Az(k) + Z Byu(kn + )
If the linear, dual-rate systend’ is both (m, n)-shift- jzol
invariant and causal, the blocked systéhis LTI and causal. ) — )
Moreover, the direct feedthrough matrix y(km + i) = Ciz(k) + Z% Dijulkn + )
=
Dyo Doy -+ Do n-1 i=0,1,---,m—1.

DlO Dll Dl,n—l . .
. ) } (5) These equations can be used to implement the dual-rate

: : : system: The input: is updated everynh seconds, the vector
Dye1,0 D11 - Dicinr z every mnh seconds, and the outpytevery nh seconds.
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Such systems are implementable on, e.g., general-purpose DSP u y

cards, with only finite memory. — )
The state-space model in (8), (9) is general and holds for

both IIR and FIR systems. I& is FIR with order, sayp, a Fig-5. The block decimator.

simpler model is given by

T(»9)

y(k) = Mou(k) + Myw(k — 1) + - - - + Myu(k — p)

Fig. 6. The block expander.

whereMy, M, ---, M, are allm x n constant matrices, and

M, satisfies the condition in (6) for causality. From here on,

one can also write down the corresponding equations for the U _ _ Y
ponding €q —— 1 (7,0) — F: (¢,0) — L (2,0) —

original system relating; to .
In 'thIS paper, we use the blocking techmque CO.nSISt(.emly fgir 7. An equivalent structure for dual-rate systems.
treating dual-rate systems. An alternative technique is based
on alias-component (AC) matrices in the frequency domain;
we refer to Shenoy [29], [30], Shenagt al. [31], and Reng equation is
[28] for recent related studies.
Finally, we make some remarks on using dual-rate systems y(kq +1) = w(kpg + 1), =01, ¢-1

as building blocks for multirate signal processing systems. The . . . . .
class of dual-rate systems we are interested are SISO, ca glr)e groups the input into blocks of sizgstarting from time

and (m, n)-shift-invariant, wherem and » range over all = — O)l’) this p:'OC(;k gecimhat%rl relzaijns .onIy evepth blﬁﬁk'
positive integers. Traditional building blocks are decimatorg, can te Vz” 1€ tlf"‘t the bloc i ﬁc'm?wr Go?’ pg)-s 'tr']
expanders, and LTI filters, which are all SISO. They argvanant and causal, moreover, ¢t = 1, it reduces to the

all special cases of dual-rate systems: The decimator tra%l]tlogfll iec'mat%ri_(lﬂéhl) d:l IP- o o Eia. 6
s (1, n)-shift-invariant and causal; the expander m is e block expanders the dual system, shown in Fig. 6,

(m, 1)-shift-invariant and causal; any LTI filter is (1, 1)-shift-Whereq again is the block size andthe expansion ratio. For

invariant. However, general LPTV systems with periacare any integerk, the block expander is defined via
dual-rate systems [they a(gz, m)-shift-invariant] but cannot . whq+d), i=0,1, -, q—1,
be constructed using decimators, expanders, SISO, y(kpg + i) = {0 i = _
: , ; =¢q+1, -, pg—1
LTI filter. In this sense, we conclude that dual-rate systems
are more general building blocks for multirate systems.  This corresponds to inserting— 1 blocks of zeros if the input
and output are blocked with sizg¢ The block expander is
(pg, g)-shift-invariant but noncausal, in general.gf= 1, it
IIl. REALIZATION VIA BLOCK DECIMATION AND EXPANSION  redyces to the traditional expander. (For the frequency-
In this section, we establish the connection between dudbmain input—output relations, see [17], [38].)
rate systems discussed in the preceding section and the gendret G be any linear, dual-rate system which(is, n)-shift-
alized elements: block decimators, block expanders, and LPTariant. If m andn are not coprime, we can find the largest
systems; these generalized elements have already been studtietimon factoy and writem = mgq, n = ng, So thatn andn
in multirate filter banks [16], [17], [26], [38]. The result inare coprime. Thus we can state the main result of this section.
this section also provides a way for realizing general dual-rateTheorem 1: The dual-rate systends is realizable by the
systems. cascade structure, shown in Fig. 7, of the block expander
Let us first consider the special case whenandn are 1 (7, ¢), a single-rate, LPTV syster’ with period ¢, and
coprime. Then the structures in Figs. 1 and 2 are equivaléhe block decimatoq (7, q).
[30]: Note that if/» andn are coprime, they = 1. In this case,
Lemma 1:If m and n are coprime, any linearim, n)- the structure in Fig. 7 reduces to that in Fig. 1 wihLTI;
shift-invariant system in Fig. 2 is realizable by the cascad@nd the theorem reduces to Lemma 1.
structure in Fig. 1 of the expandérm, an LTI filter £, and Proof of Theorem 1:In the following we shall outline
the decimator| n. the main steps in the proof. First it can be verified that the
This is already a known result, which was proven, e.g., ayerall system in Fig. 75 : « — y, is dual-rate(m, n)-shift-
a lemma in [5] from a different perspective. invariant. To show that this structure can be used to represent
A linear, dual-rate system which i8n, n)-shift-invariant any dual-rate(m, n)-shift-invariant systents, it suffices to
cannot be represented by the structure in Fig. 1 for some Lghow that by proper choice of the LPT, the transfer matrix
F, if m andn have nontrivial common factor [30]. In thisfor the blocked systen$ := L,,SL_! can match any given
case, as we will show, block decimators and expanders andx » transfer matrixQ(z) (the blocked system fo€); or
LPTV systems should be used instead. equivalently, thenn entries inﬁ(z) can be arbitrarily selected.
Two positive integerg and ¢ characterize thélock deci- For ease of reference in equations, let us write the block
mator shown in Fig. 5, wherg represents the block size andexpander in Fig. 7 ags , and the block decimatoPy ,.
p the decimation ratio. For any integéy the input—output Then S = Dy (FEm 4. In order to findS, note first that
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F = LqFLq—]L is LTI with ¢ inputs and outputs: From here, the inner three matrices together can be viewed as
a g x g block system, thei, j) block being
Foo 0 Fo g .
F=| : : . (10) L DrFij B Ly
Fomvo 0 Fym1,4-1 which ism x 7 and whose entries are arbitrarily assignable

by proper choice of the LTF;; becausén and7 are coprime
(Lemma 1). Hence, the inner three matrices together can match
any given transfer matrix; so ca$ becauser , and Py ,

(D are permutation matrices. Thus, the proof is completed]
Lqpﬁquq—l = The proof supports a procedure to compute the LETW

D— the dual-rate systerfy is given. To illustrate, consider the case

) et with m = 4 andn = 6. Given thet x 6 blocked transfer matrix
Em [G4;(2)], we want to realiz&¥ via the structure in Fig. 7 with
LoEm, Lyt = (11) m =2, 7 =3, andg = 2, or, more precisely, find the LPTV
Emy F with period 2. Write the blocked” (I = L,F'L;*) as

(2) = {1?00(2) 1?01(2)}

All subsystemst;; are LTI and freely assignable. The follow-
ing identities follow readily:

axq

where Dy is simply | 7 and B is T m. Let Px , be the
m X m permutation matrix which takes the (column) vector

=y

Flo(z) Fll(z)

0 qg -~ m—1)g¢ 1 g+1 .-~ (m—1)¢g+1 ... Then from the proof of Theorem 1 we set
— /
¢-1 2g=1 - mg—1] G = P, »RP;} (13)
(prime denotes matrix transpose) to the vector with
o 1 2 .- mg—17 R:|:R00 R01:|
similarly for P; ,. Then it can be shown that Mo R
[LaDs 0 Foo For|[EaL3z? 0
Lm T 0 L2D3 F10 F11 0 E2L3_1 ’
Lrn:Pm,q Lq7
I— Since R;; = L2DgﬂjE2Lg1, its transfer matrix is of the
=) " form in (7) in terms of type-1 polyphase components [34] of
I . Fyj(z), denotedF}(z) for k =0, 1, ---, 5. Equation (13) is
L,” =1L, Pﬁ,q' (12) equivalent toP{éQPM = R, as shown in (14) at the bottom
Lt the page. Hence,
Based on (10)—(12), we can write Foo(z) = E§y(2%) 4+ 27 Bl (2%) 4+ 27 2E2)(25) + 272 E3,(25)
S =LyDs FEm Lt 2 g (2%) + 2 g ()
=Ly L7 (LyDr (L7 Ly FLT )Ly B o L7 L Lt = Gloo(2°) + 27" Glaa(2°) + 21 Gloa(2°) + 27 Glao (2°)
LD~ Foo - T4 + 22 Goa(2°) + 2Gaa(2°). (15)
=D q : : This relatesFy to the given dual-rate syste@in terms of its
LmDrl |Fyq0 -+ Fyoq,4-1 blocked transfer matrix. We remark thatdf is causal, so is
EL-! Foo. Causality ofG requires thatioy(z), Goa(z), andGay(z)
" pl be strictly causal; hence the terms suchzé§o4(556) in (14)
LT are still causal. Similarly, one can determine othgi(z) from
Bl their polyphase components and (14).
Goo(z) Goa(z) Gos(z) Gou(z) Gos(z) Gos(z)
Gao(z) Gaa(z) Gal(z) Gnl(z) Ga(z) Gas(2)
Gio(z) Gia(z) Gul(z) Gulz) Gis(z) Gis(2)
Ggo(z) GgQ(Z) G34(Z) G31 (Z) Ggg(z) G35(Z)
Aogo(z) z_}fféo(z) Z_ilfo?o(z) Aogl(z) z‘}f*}j‘l(z) Z_ilfo?l(z)
_ | £oo(2) F;OQSLZ) Z_llfd;o(z) b () ]*:0;&75) Z_llfé;l(z) (14)
Io(z) 27'FR(2) 2 ]ﬂo(z) I(z) 27 (2) 2 ]fg(z)
Fio(z)  Flo(z) 27 H(2) FRi(z)  Fh(z)  27HER(2)
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Tm F ln

| F:[r,s] —

Fig. 8. The vector sample-rate changer. Fig. 9. An|[r, s]-LSTV system.

V. REALIZATION VIA VECTOR SAMPLE-RATE CHANGERS with the first is that real-time implementation of the block

Theorem 1 also establishes a connection through blockggcimator and expander is technically demanding: The block

between dual-rate systems and vector sample-rate chan
studied by Xia and Suter [38], [39]. For any dual-rate syste
G which is (m, n)-shift-invariant, introducén, =, andq as in

r%imator requires certain storage function and the block
pander is noncausal, if the input and output samples are

uniform in time. (These problems seem to disappear if input

Theorem 1. Define a vector sample-rate changer as in Fig d output samples are allowed to be nonuniform in time.)

whereT i is the vector expander arjdn the vector decimator, . € d|s_adc}/a}[ntage of tthe s;zlcsoond strtucturte IS thaltt. bIo.cIEIng
both with ¢ channels is required to convert an system to a multivariable

(vector) system.
Tm ln If m and n are already coprime, Lemma 1 states that
Tm= , ln= any (m, n)-shift-invariant system can be implemented by the
Tm 7w structure in Fig. 1 using only the traditional decimator and
) o L expander. Ifm andn are not coprime, can we make use of a
and I is a multivariable (vector) LTI system with inputs  qjmjjar structure with traditional decimator and expander and
and ¢ outputs. The structure in Fig. 8 relates to the dual-ral® . giso systeni? The answer is positive; but we need
system¢ throughg-fold blocking. _, .. toconsider a special class of LPTV systems Fyrwhich are
Theorem 2:The blocked dual-rate systenl,,GL;", IS cajled linear switching time-varying (LSTV) systems. With

realizable by the structure in Fig. 8 for some LF1 these LSTV structures, the above mentioned disadvantages
Proof: By Theorem 1,G¢ can be represented by the;ssqciated with Figs. 7 and 8 are eliminated.

structure in Fig. 7_for some LPT\E with period ¢: G = For two positive integers: and s, an [r, s]-LSTV sys-
Dz, o1 B, o, Tollowing the notation in the proof of Theorem,g, F, represented in Fig. 9, consists ofLTI subsystems,
1. Thus, Fy, F1, .-, F._1, and a switching device as depicted in
LqGL(;l :LqDﬁquEmquqfl Fig. 10. The switching device switches the inputto each
. 1 1 . -1 subsystem for exactly samples starting froni;, to F,._; and
_(qu)"’qu WL FL, )(LquﬁLq ) then repeats. In other words, divide the time into intervals
Ln Tm of rs samples starting front = 0; during the first interval,
= (LyFL;) 0 <k <rs—1,the inputsu(k) overjs < k< (j+1)s—1
|7 1 m (0 £ j £ r —1) are connected td";. Similarly for the
. o . remaining intervals, the outputs of all subsystems are summed
The last equality follows from (11). Identifying’ = L, I'L;" 5 g form the overall outpug. Note that at times when one
which is LTI becausd” is LPTV with periodg, completes the g,pqystem is switched tg the other subsystems are assumed
proof. _ _ to have zero inputs, and their outputs evolve according to the
The converse of Theorem 2 is also true: one can represgiky history. This LSTV structure can be implemented with
the vector sample-rate changer in Fig. 8 through blockingyge periodic switching device and the LTI subsystems; for
dual-rate system. Thus, the two structures are equivalentdiympje it is possible to implement them on microprocessors.

this sense. _ Let f(k, I) be the kernel representation of the LSTV
Connecting with Theorem 1, we also conclude that the

structure in Fig. 7 based on block sampling and the one y=rFueyk) = Z f(k, Du(l), Vk.
in Fig. 8 based on vector processing are equivalent through l

bIOCking. At this pOint, one may wonder Why Xia and Sute[et fj(k-) be the impu|se response of the LTI Subsysté’m
[38] showed that their vector filter banks, which are builiow think of [f(, I)] as an infinite matrix; the infinite matrix
with structures in Fig. 8, are more general than those in [1fdpresentation of; is [f;(k — 1)], a Toeplitz matrix. The
using block sampling. This is because LTI filters were used gitching mechanism implies thdf (k, 1)] can be obtained
[17] for constructing the filter banks. Had LPTV filters beemom [f;(k — 1)] as follows. Starting from = 0, the firsts

used appropriately according to Theorem 1, the two filter bagklumns of [f(k, )] are identical to the first columns in

structures would have been equivalent. [fo(k—1)], the nexts columns are identical to the correspond-
ing ones in[f1(k — 1)], and so on; and repeat this process for
V. REALIZATION VIA LINEAR everyrs columns in[f(k, 7)]. In equations, we write

SWITCHING TIME-VARYING SYSTEMS

Sk, D) = fi(k=1),

In the preceding two sections, we presented two structures l=js js+1,---, js+s—1modrs. (16)

which can be used to implement a general dual-rate system:
The first one uses block decimation and expansion, and thdt follows readily from (16) that the LSTV systemt’ is
second uses vector decimation and expansion. The probleRTV with period rs. Hence,F := L,,FL;}! is LTI with
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O Fy T F :|g,mn] n

Fig. 11. An equivalent structure for dual-rate systems.

Theorem 3: The dual-rate system is realizable by the cas-

cade structure, shown in Fig. 11, of the expantier, some
)\ y [¢, m7]-LSTV systemF’, and the decimatof 7.

Proof: It is easy to check thall := DzI'Er is dual-
rate, (m, n)-shift-invariant, whereDz =| 7 and Em =1 .
Fig. 10. The structure of afr, s]-LSTV system. To show that this structure can be used to realize (anyn )-
shift-invariant systent, it suffices to show that the blocked
system,H = L,,HL,, has anm x n transfer matrix whose
elements are all freely assignable by proper choicg'.aow

O FT—-I

an (rs) x (rs) transfer matrix. To see how to write down
this transfer matrix, let us consider the case with= s =
2; then F(z) is 4 x 4. Introducing the type-1 polyphase H =L, DiFE=L". a7

representations [34] foF, and Fi,

s To relate this to the blocked system Bfin Lemma 2, define

. two linear transformationgs; and Jz as block diagonal
— —t ey 4 g n m
Fy(z) = Z Fi(2%) 7=0,1, matrices:
1=0
we get the blocked system; = LyF;L;* (j = 0, 1) as K =block diag{[l 0 -~ Oli, -+,
pseudocirculant matrices 1 0 -+ Oliw}
. N ~ 1 1
FOz) 2 ¥ (z) 2R () 2B (2) i 0
. EMz)  F%z)  27YE3z) 2 FR(z) Jmw =block diagq | . BTN E
Fi(z) = | % S o/ _1pn ’ : :
S o (O R OB (OB (O ol lo)_.,
GONEE ORI HONSHE)
j=0,1. The blocks inK5 are repeated: times, and the blocks it
R n times. Then it can be verified that
Then it follows from (3) and (16) that'(z) can be formed by B
putting together the first two columns df,(z) and the last LDy = KL, Bl = Ly, I (18)
two columns off (z): Equations (17) and (18) lead to
NG Z*Alo 6(2) 7:1 Alz(z) z 1;(7) H = Kn( L FLE )
F(z): Fo( ) A01(z) z AO'FI(Z) z 23(7) —K-FJ—
. () (%) Iy (z) Iy (z) e )
B(z)  F3(2) Fl(z) ( ) whereF has anmnq) x (mnq) transfer matrixf’(z) studied

in Lemma 2.

Note that if this matrix is partitioned into two % 2 subma- A
{Note that pre- and post-multiplying'(z) by K7 and Jz,

trices, each submatrix is pseudocirculant column-wise but no

row-wise. respectlvely, amount to extracting an x n matrix from
This observation generalizes in the obvious way for ihfa(#) by taking rows numbered, @, 27, -, (m — 1)m, and
LSTV structure in Flg 10. columns numbered), m, 2m, -- -, (n — 1)m. Since I(z)
Lemma 2:Let F; = L,,F;L 1: partition each transfer can be partitioned into column pseudocirculant submatrices
matrix as follows: (Lemma 2)
By = ) By - @) B =By(2) Fi(z) - F(e)]
every submatrix beingrs) x s. Then the transfer matrix for H(z) has a corresponding partition
the blocked LSTV system&’ = L,.,F'L}, is given by E(Z) _ [EO(Z) El(/:‘) Eq,l(Z)] (19)
() = [EO( ) Ei(z) F: 1( )] the blocks being mutually independent. Note trﬁg(z)

Each submatrix irF'(z) is pseudocirculant column-wise only.relates toF”, ( ), which in turn relates t&;. Now it remains

Now we are set up to state and prove the main result of this show that all elements itd;(~) are assignable by proper
section: any general dual-rate system can be implementeddpyice of F.

22{);:;‘(\; system along with some traditional decimator and TakeHO( ) as an example this is am x 7 matrix whose
Let G be any linear, dual-rate system which(is, n)-shift-
invariant; writem = Tg andn = ¢ for some integer factor
g so thatm andn are coprime. (im, jm):i=0,1,---,m—-1,7=0,1, -, m—1.

elements are those @O(V) with the following row and
column index pairs:



CHEN et al. GENERAL MULTIRATE BUILDING STRUCTURES 955

Because all elements in the same column I_B(Of(z) are Let the filter bank system; — y in Fig. 3 be @. To see

independent (Lemma 2), if two elements Hf,(z), say, the the structural dependency constraint, we need to compute the
,\_ . L _1 . .

(ir7i, jum)th and (i27, jom)th elements inﬁg(z), were re- blocked transfer matrix fold := L¢GLg ~. Bring in the 6-

lated, it would be due to the column pseudo-circulant properfipld: type-1 polyphase decompositions [34] for the analysis
and synthesis filters:

in this case,
i1 — J1TR = 4971 — joi MOdT7q). X . X S,
Hi(z) =37 27 HI(2), Bi(2) = > 2 FI(°),
Thus, we can write i=0 01 i=0
j = ? ? .

(i1 — i2)n + (j2 — j1)m = k(mnq) (20) .

0<iy,in<m-—1 (21) It follows from the procedures in [4] and [5] tha¥(z) =

0< j1. jo <F—1 22) E(z)ﬂ(z), whereg(z) aqdﬂ(z) are, r_especuvely, the anal-
ysis and synthesis matrices shown in (23) and (24) at the

k in (20) being an integer. The fact that and7 are coprime bottom of the page. Note the structural dependency: The first

and (20) imply thatz dividesj, — j1; then from (22) we have three columns inf'(z) are mutually dependent and so are

j1 = j2. In this case, (20) reduces to the next two columns; similarly, the first three rowsif(z)
o are mutually dependent and so are the next two rows. The
(i1 — i) = km7g structural dependency poses a difficulty in design [5].

Shenoy [30] first observed that structural dependency dis-
appears if more general structures are used. Now we propose
to use general dual-rate systems as in Fig. 4 to replace the
analysis and synthesis subsystems. Note the way Fig. 4 is

To get the (mng)-fold blocked systemF, according to constructed: ea_ch channel has t'he same decimation ratiolas
Lemma 2, we need thémng)-fold polyphase componentsthe corresponding channel in Fig. 3, but all three_analysns
of the subsystems?, j = 0, 1, ---, ¢ — 1. Every one of subsystems have the same the least common multiple of

: the three decimation integefg, 3, 6} in Fig. 3; this way,H,
th lyph t tl & (in). L T
ose polyphase components appear exactly oncel() allql’ Fy, and F; in Fig. 4 are more general because they have

Hence, if the structure in Fig. 11 is used to realize a du . X
common factors in theirn andn. Denote the system +— y

rate, (m, n)-shift-invariant system, there exists a one-to- "~ _. ) . o . : :
! Fig. 4 byT. It is easily verified thafl” is LPTV with period
one correspondence between the dual-Gtand the set of 4 .
b W " 6; the equivalent blocked systerii’ & LGTLgl) is

which implies thatm = mq divides; — 2, which implies
with (21) in turn thati; = 4o.

The above shows that the elementsAg(~) are all inde-
pendent; similarly for the other blocks in (19).

subsystems of’, {Fy, Fi, ---, F,—1}. A procedure outlining
this correspondence can be given based on the proof of H,
Theorem 3 I :LG[FO Fl FQ] Hl Lgl
Hy
VI. NONUNIFORM FILTER BANKS L3H0L6_1
In th|s sec;uon we study using the general struct.ureg in =[L6F0Lg1 LeFi\Ly' LeFy) LQHngl
nonuniform filter banks to achieve what are otherwise im- .
possible. HzLg
Consider the three-channel nonuniform filter bank in Fig. 3, Hy
built via traditional blocks. It is shown that this system is =:[ly, I, FI,]|H,
incompatible[14], and hence alias cancellation is impossible H,
using LTI and causal filters, let alone perfect reconstruction. =I'H
[H8() 27 H(z) 2 Hi(z) 2 HR(:) 2 VH(:) 2 HY()
Hi(z)  Hi(z)  HY() 2 Hg(x) 2 'Hi(s) 2 UHR(x)
b= |80 Mo e Ao e e @)
- H{(z) 27 Hy(z) 27 Hi(z) 27 Hi(z) 27 H{(z) 27 Hi(z)
HYz)  Hix)  HMz)  H)(:) 2N 2 H()
[HJ(2) 27 'H3(z) 27 Hj(z) =7 'H3(z) 2 'H3(z) 2 'H;(2)
'Aél)(Z) z*i ) (2) z*i é(z) A{f(Z) z*i Ali(Z) AQT(Z)
AOQ(Z) ziog(z) zfl A(i(z) A12(z) zfl (%) A22(z)
; 2 2) 27 Ly(z) Fi(z) 27 FY(2) L5(2)
() = Ao(’) Ao(’) 7_ 0 1 A ¥ (24)
FOZIRe  RBe) e B BE) B
lfq(z) E%(Z) A%(z) ]ﬁ'(z) ElQ(Z) ]f%(z)
LF5(2)  F§(2) Fo(z)  FP(z)  Fi(z)  F3(2)
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u o 20
Hy F—| 12 Fy:(6,3)
0
U1
H |3 F1:(6,2) ool
Vg Y -40r
Hy b— |6 e (6,1) . P 5
A .:/_»' ?\ /"/

Fig. 12. A filter bank with mixed structures. IE FE

whereH and " are both LTI and 6x 6: H(z) is the analysis .
matrix, and £(z) the synthesis matrix. Note that all entries

in H and £ are freely designable (no structural dependency).
Hence, T’ can perfectly match any causal, LPTV system with
period 6; in particular, it can perfectly match any time-delayig. 13. || (solid), |7 (dot), and| H| (dash) in decibels versus/2s.
system by proper choice of the dual-rate systems. Therefore,

perfect reconstruction for the structure in Fig. 4pisssible.

Itis worth noting that if dual-rate structures are used 10 builglesis matrix in (25) is not subject to the structural dependency
nonuniform filter banks as suggested in Fig. 4, the blockeflnsiraint as in (24) and hence does not give rise to the
filter-bank systems have the forf{2) (), where no struc- raqitional synthesis structure in Fig. 3; it corresponds to some
tural constraints exist among the elements in the two matrlc&gnem dual-rate structures in Fig. 12.

F'(~) and H(~). This situation is very similar to the polyphase” The above observation can be generalized to nonuniform

matrix representation of uniform filter banks. Hence, desigfjyitirate filter banks with multiple channels and arbitrary
techniques for uniform filter banks are immediately applicablggctional decimation ratios [27], [18], [5]:

A more interesting scenario is perhaps given in Fig. 12, in
which the analysis structure in Fig. 3 is combined with the
synthesis structure in Fig. 4. Is perfect reconstruction possible
in this case?

The answer is positive and is illustrated by the simple
example below. (Note that it suffices to construct an analysisOne advantage of eliminating structural dependency is to
filter bank so that the corresponding analysis malkfixas no allow optimal design of synthesis systems; we conclude this
finite unstable zeros; then we just take the synthesis métrixsection by considering such a design example. We use the
to beﬁ_l multiplying some time delay.) Let the LTI analysisstructure in Fig. 12 and preselect the linear-phase, FIR analysis

120 L L L L L L L L L
3] 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

If the synthesis subsystems are replaced by appropriate
dual-rate structures, incompatibility [14] and structural
dependency [18], [5] disappear; and perfect reconstruc-
tion is always possible.

filters in Fig. 12 be filters: Ho (order 40) is lowpass with cutoff frequency =
7 /2; Hy (order 30) is bandpass with passbanf2 < w <
FIO(;:) =1, gl(z) =244 275, gQ(z) — =3 57 /6; Ho (order 14) is highpass with cutoff frequendy /6.

All three filters are designed using MATLAB functiofiir1

The associated analysis matrix can be computed from (23)With their magnitude Bode plots given in Fig. 13.
The synthesis systems now can be designed by minimizing

1 0 0 0 0 0 the ¢>-induced norm [6] of the error system between an ideal
0 0 1 0 0 0 time-delay systen¥; and the filter banki™:
~ 0 O 0 0 1 0
H(z)= .
H(z) 0 =t z7t 0 0 0 Jopt :=min||Ty — T
0 0 0 0 2zt U Fi
0 O 0 2710 0 . . N
i By blocking, we can reduce this optimization problem to an
Define the synthesis matrix to be equivalentH., model-matching problem [6], [5]
210 0 000 Topr = min [ T(2) = F(2)H(2)o0
0 -zt 0 1 0 0 £z
- 0 P 0 0 0 O
£(z) = 0 0 0 0 01 (25) whered,(z) is the 6-fold blocked time-delay systerﬁAIL(z)
0 0 21 0 0 0 the associated 6< 6 analysis matrix given in (23)£(z)
0 0 -2z 01 0 the associated 6< 6 synthesis matrix with no structural

. . dependency, and the norm is thé,, norm [12], [13] (the
It follows that F'(2)H(2) = »~'I, and hence the systempeak maximum singular value of the frequency-response ma-
achieves perfect reconstruction with time detay’. The syn- trix). The later optimization problem is solvable [12], [13]



CHEN et al. GENERAL MULTIRATE BUILDING STRUCTURES

by, e.g., the MATLAB software-x-Analysis and Synthesis [8]
Toolbox [2].
For good reconstruction error/{,), we take the ideal

. )
time delay to bel,(z) = 278°. The H., optimization then

yields a reconstruction erraf,,; = 0.31%. This means [23] (10] 1994

that the maximum alias and magnitude distortions, defingd;
appropriately as in [23], of the designed system are boH12
<0.31% and the phase distortion<ssin™! (0.31%) = 0.18. ]
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[14]

VII. CONCLUSION [15]

In this paper we proposed dual-rate systems as general
building blocks for multirate signal processing. Several strue;,
tures implementing such dual-rate systems were studied in
detail. The work in this paper provides a unified framework
for using several generalized elements such as block deci
tion and expansion, LPTV filtering, and vector sample-rate
changers, which have already found applications in multirae!
filter banks [17], [26], [38]. The advantages of such general
dual-rate systems in nonuniform filter banks were illustrateo]
Channel incompatibility [14] and structural dependency [18!20]
[5] are removable by proper use of the dual-rate structures.

The structures studied in this paper fall into the general class
of LPTV systems. This fact is essential for using the bIockinB1
technique to relate to equivalent single-rate, LTI systems which
are necessarily multivariable. The techniques in this pap@?l
are not directly applicable to more general structures whi%]
are not periodically time-varying; examples of such systems
include the linear time-varying filter banks studied in [32] an 4]
the references therein. For the time-varying multirate systems,

time-domain techniques are proven to be more effective.
[25]
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